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Abstract: Densification of mono-sized sphere packings under two-dimensional (2D) vibration is
experimentally studied. The effects of operation conditions, such as vibration amplitude and frequency,
feeding method, vibration mode and container size on packing density are systematically analyzed. The
results indicate that much denser packings than random close packing can be achieved by proper
control of both vibration amplitude and frequency. Feeding method also plays an important role in
densification. Higher packing density can be obtained when the number of particles fed per batch NB is
less than or equal to one layer when in interval vibration mode. Packing density decreases with the
increase of NB and keeps constant when NB is more than three layers per batch. However, even this,
the packing density is also much higher than that in total feeding with corresponding to continuous
vibration, which indicates that the interval vibration is more effective than continuous vibration to
realize the very dense packing. Through the extrapolation on packing density obtained from different
sized containers, the maximum packing density is 0.6757 for the total feeding method and 0.7131 for
the batch-wise feeding. Partially ordered structures are observed in the final packings.
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Particle packing is an important subject in scientific research and industrial applications [1-6].
Lots of work has been carried out to study the densification of packings since packings with
different packing densities can provide an effective way to model the structure of different phase
and their transition in phase diagram (direct study on these structures is rather difficult) [7].
Mechanical vibration is often used to achieve such densification. It has now been identified that
one-dimensional (1D) vibration can achieve the transition from random loose packing (RLP) with
the packing density ρ≈0.6 to random close packing (RCP) with maximum packing density ρ≈0.64
[2, 8-22]
. However, the densification behavior of particle packing under two-dimensional (2D)
vibration is still not clear.
Using 2D continuous vibration, Pouliquen et al [23] studied the crystallization of non-Brownian
spheres and concluded that packing density (e.g. 0.67) higher than RCP limit can be obtained by
proper control of vibration conditions and charging rate. Their results, however, are still below the
packing density of FCC or HCP packing. More recently, Raihane et al [24] experimentally studied
the dry granular medium subjected to 2D vibration but their work mainly focused on the
fluidization.
In this paper, we will carry out the systematic physical experiments to study the densification of
mono-sized sphere packing under 2D vibration. The influences of processing parameters such as
vibration amplitude and frequency, vibration mode, feeding method, and container size on the
packing density are compared and analyzed.

1 Experimental method and conditions
The setup for the physical experiments, which has been successfully used in our 1D vibrated
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densification [22], can also vibrate in the horizontal plane with precisely controlled amplitude and
frequency. In the experiments, the glass beads of diameter d=5.02mm±0.065 and the containers
made of PMMA materials were cleaned using distilled water and dried in an oven at 60°C. Then
the container was fixed in the vibration device and the particles were poured down gently into the
container to form an initial packing. The initial packing density was then calculated by averaging
the packing heights measured at different positions. The packing was then vibrated at a given
condition for a period of time and stopped and the packing density was re-measured. Vibration
amplitude A, frequency ω, and feeding method were varied to study their effects on the packing
structure. In this work, we employed the same A and ω in the two horizontal directions. In order to
identify container size effects, five different sized containers (D=79.42mm, 109.90mm, 140.38mm,
185.77mm, 229.70mm in inner diameter) were used. Two feeding methods were considered: total
feeding (i.e. all the particles were poured into the container in the beginning) and batch-wise
feeding (i.e. the particles were fed batch by batch during vibration). Different from 1D or 3D
vibrated packing, the energy input in our 2D vibrated packing is mainly provided by the vertical
container wall.

2 Results and discussions
Fig. 1 shows the evolution of packing density ρ with time t under different vibration
conditions. For all cases, ρ first increases with t and then saturates after a certain time (i.e.
t=30min). The variation of ρ with time as shown in Fig. 1 can be fitted by ρ(t)=ρf-K*exp(-t/τ),
where ρf is the final packing density, K and τ are constants. The solid lines in Figure 1 are the
fitting results. Fig. 1 also indicates that different ρ can be obtained at different vibrations such as
different A and ω.
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Fig. 1 Packing density as a function of vibration time. D=229.70mm.

2.1 Densification with total feeding
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The influence of frequency ω on packing density ρ under 2D vibration and total feeding
when A=0.6d is shown in Fig. 2, where the inset figure shows the effect of vibration amplitude
when ω=80Rads. Both figures indicate that ρ first increases with ω (or A) to a maximum value
and then decreases with the further increase of ω (or A). For each container, there exists an
optimal ω (or A) for a maximum packing density. Similar trends were also observed in our
physical and numerical studies in 1D and 3D vibrations [21, 22, 25, 26].
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Fig. 2 Packing density as a function of frequency for different sized containers when A=0.6d; the inset figure is the
amplitude effects when ω=80Rad/s.
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The combined effect of ω or A can be ascribed to the vibration intensity defined as Г=Aω2/g,
where g is the gravitational acceleration. The influence of Г on ρ as shown in Fig. 3 has the similar
pattern to those of A and ω, which means that Г should be controlled within a certain range to
realize the densification. During the densification, the energy input is mainly through the vibration
of side wall of container. Too large or small Г will result in the over excitation or inadequate
energy input thus causing lower packing density. However, it should be noted that packing density
can be different even Г is same. This indicates that a single Г can not characterize the densification.
Instead A and ω should be considered concurrently [21, 22].
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Fig. 3 Packing density as a function of vibration intensity for different amplitudes, where D=229.70mm.
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The combined influence of A and ω on packing density is shown in Fig. 4. Unlike Г, each
combination of A and ω corresponds to only one packing density. Densification with high ρ occurs
at moderate A and ω, too small A and ω (lower left corner) or too large A and ω (upper right
corner) will not aid to the densification. This phenomenon has been identified in our 1D
experiments [22].
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Fig. 4 Combined effects of amplitude and frequency on packing density, where D=229.70mm.

z Effects of container size

The above results are obtained in the finite sized containers. To minimized the effect of
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container size on the maximum packing density, we extrapolate the packing density in each
container at each fixed vibration condition as shown in Fig. 5, where the equation inside is the
linear fit for each case. The intercept with vertical axis corresponds to the maximum packing
density ρmax in infinite sized container. As seen, ρmax at each vibration condition has exceeded the
RCP limit of 0.64 [8, 9, 15, 21, 22], which implies that 2D vibration is more effective than 1D vibration
in densification. Also our results in total feeding are much comparable with those in slow feeding
under 2D vibration [23]. However, the packing density gains in our total feeding and 2D continuous
vibrations are not so significant as expected. Therefore, we changed the feeding method from total
to batch feeding and vibration mode from 2D continuous to interval vibration to identify high
packing density in densification.
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Fig. 5 Extrapolation of packing density to eliminate container size effect, where the equation inside is the linear fit
for each case.

2.2 Densification with batch-wise feeding
z Effects of number of particles per batch
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Fig. 6 provides the effects of number of particles per batch NB (with the unit of layer/batch) on
the packing density. Clearly, when the adding particles are less than or equal to 1 layer/batch, the
packing density under each vibration condition is very high. Increasing NB decreases ρ
significantly. However, ρ becomes constant when NB>3 layers/batch, which is in good agreement
with our numerical results [25]. Therefore, the feeding should be controlled within 1 layer/batch to
guarantee the optimal densification. Meanwhile, we found that even in finite sized container, the
maximum ρ can reach about 0.69, which is much higher than that of total feeding and others’
results [23].
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Fig. 6 The effects of number of particles per batch on packing density under different frequencies when A=0.2d
and D=229.70mm.
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The influence of NB can also be identified in Fig. 7. For very small NB (≤1 layer/batch) the ρ-ω
curves are very high and nearly in the same position; for very large NB (>3 layers/batch) no
variation of each curve except for the very low position. And for NB lies in 1-3 layers/batch, the
position of ρ-ω curve is in between, which is in good accordance with the results in Fig. 6. The
influence of ω will be discussed below.
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Fig. 7 Effects of frequency on packing density at different batch of feeding when A=0.2d and D=229.70mm.

z Effect of vibration condition
The difference of position of each curve in Fig. 6 can be explained by the influence of vibration
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conditions such as A and ω as shown in Fig. 8. For each A (or ω), ρ first increases with ω (or A)
and then decreases. Similar trend can be found from the Г influence in Fig. 9. Clearly, the peak
packing density shifts to the left and the curve becomes narrower with the increase of A. Therefore,
for batch-wise feeding, small A is helpful for densification. Also single Г can not characterize the
formed dense packing.
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Fig. 8 Effects of frequency on packing density under different sized containers when A=0.2d; the inset figure is the
effects of amplitude on packing density under different frequencies when D=229.70mm. In both cases, NB=1
layer/batch.
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Fig. 9 Packing density as a function of vibration intensity for different amplitudes, where D=229.70mm and NB=1
layer/batch.

The relationship between ρ and A-ω can be seen in Fig. 10. As The high packing density occurs
in the region of A∈[0.2, 0.3]d and ω∈[60, 80]Rad/s. Further from this region results in low
packing density. So relatively small amplitudes and large frequencies will be easy to obtain the
high packing density, which is in agreement with previous studies [19, 22].
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150
Fig. 10 Combined effects of amplitude and frequency on packing density, where NB=1 layer/batch and
D=229.70mm

z Effects of container size
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The effects of container size in Fig. 11 indicates that the larger the container size, the higher the
packing density under the same vibration condition. Through the extrapolation on packing density,
we obtained the maximum ρ in infinite container with 0.713 which is close to the packing density
0.74 for FCC or HCP packing. Through characterization on the formed structure, we found that
the final packing was not random any more, local FCC ordered structures were generated during
densification.
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Fig. 11 Extrapolation of packing density to eliminate container size effect with different batch of feeding when
A=0.2d and ω=70Rad/s, where the equation inside is the linear fit for each case.

3 Conclusion
165

The densification of uniform sphere packings under two-dimensional vibrations was
experimentally studied. The influences of vibration condition (amplitude and frequency), feeding
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method, and container size on packing density were systematically investigated and analyzed. The
results showed that:

170

• Packing density ρ initially increases with vibration amplitude A or frequency ω to a maximum
value and then decreases. Smaller ω (A) needs a wider range of A (ω) to achieve the densest
packing.
• The influence of A and ω can be ascribed to the effect of vibration intensity Γ. However, Γ
cannot be used as the criterion to accurately characterize vibration condition; A and ω should be
considered separately.
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• For container size effects, the larger the container, the higher the packing density. Through
extrapolation, the maximum ρ corresponding to infinite container can reach 0.6757 for the total
feeding method and 0.7131 for the batch-wise feeding method, indicating that the packings are
partially ordered in structures.
• For the batch-wise feeding, the influence of the number of particles per batch NB is significant
when the NB<3 layers/batch, high packing density can be realized when NB≤1 layer/batch. When
NB>3 layers/batch, its influence on packing density is not so significant.
• 2D interval vibration with batch-wise feeding is much easier that 2D continuous vibration with
total feeding to realize very dense packing.
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二维振动等同球堆积致密化的实验研究
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摘要：本文实验研究了单一尺寸球在二维（2D）振动条件下堆积的致密化。操作条件如振
幅、振动频率、加料方式、振动模式及容器尺寸对堆积密度的影响得到了系统分析。结果表
明：通过适当的控制振幅和频率可以获得比随机密排更密的堆积。加料的方式也在堆积致密
化的过程中起到重要作用。在间歇振动模式下，当每批加入的粒子数 NB 小于或等于一层时
可以实现更密的堆积。堆积密度随着 NB 的增加而降低，当每批加入的粒子大于 3 层时堆积
密度保持恒定。然而，即使如此，堆积密度也远高于连续振动、整体加料的情形，这表明间
歇振动比连续振动更容易实现粒子的致密堆积。通过对不同尺寸容器中粒子堆积密度的外
推，整体加料和批量加料时所获得的最大堆积密度分别为 0.6757 和 0.7131。而且在最终的
堆积中观察到了局部有序结构。
关键词：粒子堆积；致密化；二维振动；批量加料
中图分类号：TF12；TQ016
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