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Abstract: The memristor electrically characterized by quasi-static DC and AC sinusoidal methods. In
all cases, it demonstrated excellent nonlinear-resistor behavior. So we proposed a new type of Van der
Pol oscillator based on the memristor. Its mechanism and oscillate conditions have been analyzed
systematically according to Hopf bifurcation theory. Furthermore, circuit experiment confirmed the
Van der Pol oscillator based on memristor is feasible.
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As is known to all, there are four electromagnetic quantities such as charge, current, voltage
and magnetic flux, and there must be six kinds of relationships between the four quantities
according to the permutation and combination theory. But a link between charge and magnetic
flux was missing (Fig.1) while the other five kinds of relationships were familiar to all. Until May
1,2008, the Hewlett-Packard(HP) lab published a paper in Nature[1] to announce that they have
fabricated the first physical model of memristor that has drawn a tremendously increased interest
in this so-called fourth fundamental passive circuit element which can link the charge and the
magnetic flux, whose existence was predicted in 1971 by Leon Chua[2]. The memristor’s potential
application has been explored due to the recent description of the experimental results[1,3] within
the mathematical framework[2,4]. The realization of the memristor has drawn a great attention to
the world that the memristors’ invention could be a milestone, even can equal the transistor’s
invention that has a significant and broad impact on electronics[5]. In particular, some patents
related to memristor have appeared to include applications in programmable logic[6], signal
processing[7], neural networks[8], and control systems[9]. Memristive devices can be potentially
used for stateful logic implication, allowing a replacement for CMOS-based logic computation[10].
Several early works in this direction is reported[11,12]. However, memristors also offer advanced
analog functionalities[13,14]. For example, memristors are stable at essentially any point between
following two limiting cases: the minimum low resistance and maximum high resistance-limits
imposed by the physics of the specific material base.
Van der Pol oscillator[15] have been extensively addressed in dynamic systems theory.
Besides additional references by Van der Pol and co-workers, some milestones are the work by
Liénard,Cartwright and Littlewood, and Van der Pol’s equations[16] are nowadays a paradigm in
fields of stability analysis, bifurcations and nonlinear oscillations. Some research achievements,
including parametric settings and forced problems, have been addressed in the literature.
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Fig.1. The four basic circuit-element relationships.
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However, focus on Van der Pol oscillator implementation. The implementation is very
same—a parallel RLC circuit linked to a nonlinear resistor controlled by voltage. In this paper, we
creatively implement Van der Pol oscillator based on memristor. Furthermore, Hopf bifurcation
analysis has been done to explain what characterizes them and details the mechanism of action,
such as how to make circuit oscillate and keep stabilization. Finally, the rationalization of the
proposed oscillator is validated through experiment.

1 Van der Pol oscillator based on memristor
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Fig.2. GeTe Memristor device schematic
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Fig.3. Optical microscope image of memristors in 8×8
array by using photolithography and lift-off technology.

The memristor devices were fabricated by conventional photolithography and lift-off
technology. It details as following, memeristor structure shows in Fig.2. Active layer GeTe
sandwiched between top Ti-W electrode and bottom Ti-W electrode in its crossbar cell. All of
those three layers were deposited on SiO2/Si substrate by DC-magnetron sputtering. The GeTe
active layer was sputtered with a thickness of 50nm by a stoichiometric target. The bottom
electrode films and top electrode films were 100 nm. The sample micrograph is illustrated in Fig.
3. The crossbar memristor arrays were fabricated with the cross section area of 10×10μm2 due to
the fact that such large area devices are easy to be fabricated and characterized.
The electrical characterization of the samples (I-V curve) was measured by a Keithley
4200–SCS semiconductor parameter analyzer .All the bias voltage was applied to the top electrode,
whereas the bottom electrode was grounded. All the measurements were conducted in air and at
room temperature. Fig.4 displays the typical electrical butterfly I-V curve behavior of our
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memristor device under a sinusoidal input of f(x) = 0.35sin

π
75

t . We can clearly observe that

the memristor switches between two states of low and high memristance. The transition from low
to high memristance occurs near a threshold voltage of 0.22V.

75
Fig.4. The typical electrical butterfly AC I-V curve behavior of GeTe memristor
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Another interesting characteristic of our device is the ability to continuously modulate the
resistance through the application of sequential biasing. Conditioning the device through
application of several positive pulses produces typical DC I-V curves for the GeTe memristor as
shown in Fig.5. Note the negative differential resistance (NDR) region between 0.2 and 0.4 V,
characteristic of memristive devices, the memristive behavior is exhibited obviously.

Fig.5 Typical GeTe memristor DC I-V curve illustrating a Negative differential resistance(NDR)region.
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Using the Matlab software to solve the problem of curve simulate, we will obtain the
memristor’s nonlinear Volt-ampere relation which is given by

1
imem = I0 − g1 (Vmem − E) + g3 (Vmem − E)3
3
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1
, g3 = 20, I 0 = 0.12mA, E = 0.3V .Based on the nonlinear I-V
5

characteristic of GeTe memristor shown in Fig5, memristance can yield negative differential
resistance in a certain voltage region. We used the cable to connect the GeTe memristor which
probed by the Cascade Microtech S300 and the parallel circuit of resistor, capacitor and inductor
according to Fig.6.

Fig.6. Memristor based Van der Pol oscillator circuit schematic.
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2 Hopf bifurcation analysis of memristor based Van der Pol
oscillator
Based on Kirchhoff laws, we will obtain the state equation (3.1) of that circuit (Fig.6).

⎧ dVC
⎪⎪C dt = i − GVC − iL
⎨
⎪ L diL = V
C
⎪⎩ dt

100

（3.1）

In this equation, G represents the conductance of R in Fig.5. Other parameters’
significance has been shown on Fig.6. It is very easily derived that there exists only one
equilibrium point which is given by
def

VC = 0, iL = f ( E ) = I 0
（3.2）
（ E , I 0 ）is the memristor’s operating point Q0（in Fig.5）. It is clearly to notice that the
105

value of E make the operating point Q0 at the negative differential resistance (NDR) region, then
we can obtain the circuit current i which is given by

i = i m e m = I 0 − g 1 (V m e m − E ) −
= I 0 + g 1V C −

1
g 3V
3

1
g 3 (V m e m − E ) 3
3

3
C

（3.3）
Apply the circuit current i (3.3) into the state eqution (3.1), then we will obtain the new
state equation (3.4).
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1
⎧ dVC
3
⎪⎪C dt = ( I 0 − iL) + ( g1 − G )VC − 3 g 3VC
⎨
⎪ L d ( I 0 − iL ) = −V
C
⎪⎩
dt
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（3.4）
Assume that y =

L g3
t
L g3
L
(
)(I0 − iL ) , τ =
, y=
(
)(I0 − iL ), ε = (g1 − G) ,
C g1 − G
C g1 − G
C
LC

then we will obtain the famous Van der Pol equation.

⎧
x3

=
+
−
x
y
ε
(
x
)
⎪
3
⎨
⎪ y = − x
⎩
115

（3.5）
In this equation， x、y represent
rewrite the

derivative of x and y for

τ as t, then the equation(3.5) can rewrite as following

x − ε (1 − x 2 ) x + x = 0

τ respectively，but still
(3.6)

Obviously, this equation always has equilibrium point (0, 0) to all ε . According to Hopf
120

bifurcation theory, when x <1 and

ε >0, the coefficient before x is negative, it equals the

negative damping, so the equilibrium point is unstable and will force oscillation. When x >1, the
coefficient before x is positive, it equals the positive damping, so oscillation amplitude will be
limited.

3 Experimental result and discussion
125

As shown in Fig.6, the R, L and C are in parallel resonance, so the resonance angular
1 , and the resonance frequency f 0 =
1
frequency ω 0 =
. We use the slide rheostat to
LC
2π LC

adjust the resistance to make oscillation work. As discussed in section 3, only when x <1 and

ε >0, the equilibrium point is unstable and will force oscillation. So we must guarantee that

130

1 1
< .
R 5
R = 10Ω, L = 0.2 H , C = 0.5F
based
is f 0 =

The excitation source E is 0.3V. And the Hopf super bifurcation response of memristor
Van der Pol oscillator was shown in Fig.7. The oscillator’s frequency

1
2π LC

= 0.5Hz .
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Fig.7. Hopf super bifurcation response of memristor based Van der Pol oscillator

Fig.8. Spectrum map of Van der Pol oscillator based on memristor

Fig.9. Phase portrait of Van der Pol oscillator based on memristor
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As illustrated in Fig.7, the oscillator has power of 36 uW, resonance frequency of
f0=

145

1
2π LC

= 0.5Hz , and frequency stability of 8 ppm/℃ in range from room temperature to 50

℃. The first period of 20 seconds, the oscillator can not work normally due to warming up to
initial conditions and external environment. Fig.8 is the spectrum map of Van der Pol oscillator
based on memristor. Phase portrait of Van der Pol oscillator based on memristor has been
illustrated in Fig.9, showing a limit cycle and the direction field. Then we successfully
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demonstrated very important phenomena—a new scientific breakthrough inside nonlinear circuit
theory has started to shape, the new method to implement Van der Pol oscillator is feasible.

4 Conclusion
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Based on excellent nonlinear-resistor behavior of our fabricated memristor, we proposed a
new type of Van der Pol oscillator-a parallel RLC circuit linked to a memristor. The new Van der
Pol oscillator was confirmed feasible by the Hopf bifurcation analysis and circuit experiment. The
new type of Van der Pol oscillator’s frequency is 0.5Hz, its oscillation amplitude is 220mV.
Compared with conventional Van der Pol oscillator, the oscillator based on memristor is a new
one which can be implemented with fewer elements and be easily to integrate in the integrated
circuits.
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基于忆阻器的范德波尔振荡器
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摘要：忆阻器是继电阻、电感、电容以外的第四种基本元器件，具有记忆功能的非线性电阻
特性，可构建基于忆阻器的范德波尔振荡器。可用于描述生物神经元的活动潜力、可调隧道
二极管电路建模等。构建基于忆阻器的范德波尔振荡器对于非线性电路理论发展有着非常重
要的现实意义。本文根据实验室研制的忆阻器原型器件的 I-V 特性曲线，利用 Matlab 软件
对忆阻器进行建模，设计了基于忆阻器的振荡器电路。分别利用了忆阻器的负阻特性和阻变
特性，推导出振荡器电路的动力学方程，计算出滤波器的 Q 值。将传统的范德波尔振荡器电
路中的非线性电阻用制备的 GeTe 忆阻器替换，和一个 RLC 并联电路串联构成范德波尔振荡
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电路。试验证实了一种新型的基于忆阻器的范德波尔振荡电路，振荡频率 0.5Hz，振幅为
220mV。与传统的振荡电路相比，基于忆阻器的振荡器性能较好，可由较少的电路元件构成，
并且更容易在集成电路中实现，具有很大的发展潜力。
关键词：忆阻器；霍普夫分叉；范德波尔振荡器；GeTe
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